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∗▲❛❜♦r❛t♦✐r❡ ▼❆P✺✱ ❯♥✐✈❡rs✐té P❛r✐s ❉❡s❝❛rt❡s✳
✹✺ r✉❡ ❞❡s ❙❛✐♥ts Pèr❡s✱ ✼✺✷✼✵ P❛r✐s ❈❡❞❡① ✵✻✱ ❋r❛♥❝❡✳
❊✲♠❛✐❧✿ ❡♠❡❧✐♥❡✳s❝❤♠✐ss❡r❅♠✐✳♣❛r✐s❞❡s❝❛rt❡s✳❢r
❆❜str❛❝t
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Xt)t≥0✱ ✇✐t❤ ❞r✐❢t b(x) ❛♥❞ ❞✐✛✉✲
s✐♦♥ ❝♦❡✣❝✐❡♥t σ(x). ❚❤✐s ♣r♦❝❡ss ✐s ❛ss✉♠❡❞ t♦ ❜❡ str✐❝t❧② st❛t✐♦♥♥❛r②✱
β✲♠✐①✐♥❣ ❛♥❞ ❡r❣♦❞✐❝✳ ❆t ❞✐s❝r❡t❡ t✐♠❡s tk = kδ ❢♦r k ❢r♦♠ ✶ t♦ M ✱ ✇❡
❤❛✈❡ ❛t ❞✐s♣♦s❛❧ ♥♦✐s② ❞❛t❛ ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤✱ Ykδ = Xkδ + εk✳ ❚❤❡
r❛♥❞♦♠ ✈❛r✐❛❜❧❡s (εk) ❛r❡ ✐✳✐✳❞✱ ❝❡♥tr❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt)✳ ■♥ ♦r✲
❞❡r t♦ r❡❞✉❝❡ t❤❡ ♥♦✐s❡ ❡✛❡❝t✱ ✇❡ s♣❧✐t ❞❛t❛ ✐♥t♦ ❣r♦✉♣s ♦❢ ❡q✉❛❧ s✐③❡ p
❛♥❞ ❜✉✐❧❞ ❡♠♣✐r✐❝❛❧ ♠❡❛♥s✳ ❚❤❡ ❣r♦✉♣ s✐③❡ p ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ∆ = pδ
✐s s♠❛❧❧ ✇❤❡r❡❛s n∆ = Nδ ✐s ❧❛r❣❡✳ ❚❤❡♥✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ❞r✐❢t ❢✉♥❝✲
t✐♦♥ b ✐♥ ❛ ❝♦♠♣❛❝t s❡t A ✐♥ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ✇❛② ❜② ❛ ♣❡♥❛❧✐③❡❞ ❧❡❛st
sq✉❛r❡s ❛♣♣r♦❛❝❤✳ ❲❡ ♦❜t❛✐♥ ❛ ❜♦✉♥❞ ❢♦r t❤❡ r✐s❦ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❛❞❛♣✲
t✐✈❡ ❡st✐♠❛t♦r✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ s❡✈❡r❛❧ ❡①❛♠♣❧❡s ♦❢ ❞✐✛✉s✐♦♥s s❛t✐s❢②✐♥❣
♦✉r ❛ss✉♠♣t✐♦♥s ❛♥❞ r❡❛❧✐s❡ ✈❛r✐♦✉s s✐♠✉❧❛t✐♦♥s✳ ❖✉r s✐♠✉❧❛t✐♦♥ r❡s✉❧ts
✐❧❧✉str❛t❡ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ❡st✐♠❛t♦rs✳
❘✉♥♥✐♥❣ t✐t❧❡ ✿ ❊st✐♠❛t✐♦♥ ❢♦r ♥♦✐s② ❞✐✛✉s✐♦♥s
❑❡②✇♦r❞s ✿ ❞r✐❢t❀ ♠♦❞❡❧ s❡❧❡❝t✐♦♥❀ ♥♦✐s② ❞❛t❛❀ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥❀ st❛✲
t✐♦♥❛r② ❞✐str✐❜✉t✐♦♥✳
✶ ■♥tr♦❞✉❝t✐♦♥
❈♦♥s✐❞❡r ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss (Xt) s❛t✐s❢②✐♥❣ t❤❡ st♦❝❤❛st✐❝ ❞✐❢✲
❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭❙❉❊✮✿
dXt = b(Xt)dt+ σ(Xt)dWt, X0 = η, ✭✶✮
✇❤❡r❡ b, σ : R → R ❛r❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s✱ η ✐s ❛ r❡❛❧ ✈❛❧✉❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡
❛♥❞ (Wt) ❛ ❲✐❡♥❡r ♣r♦❝❡ss ✐♥❞❡♣❡♥❞❡♥t ♦❢ η✳ ❚❤❡ ♣r♦❝❡ss (Xt) ✐s ❛ss✉♠❡❞ t♦
❜❡ str✐❝t❧② st❛t✐♦♥❛r②✱ ❡r❣♦❞✐❝ ❛♥❞ β✲♠✐①✐♥❣✳ ❆t ❞✐s❝r❡t❡ t✐♠❡s tk = kδ, k =
0, 1, . . . ,M ✱ ✇❡ ❤❛✈❡ ❛t ❞✐s♣♦s❛❧ ♥♦✐s② ❞❛t❛ ♦❢ t❤❡ s❛♠♣❧❡ ♣❛t❤✱ ✐✳❡✱ ✇❡ ♦❜s❡r✈❡
Ykδ = Xkδ + εk ✭✷✮
✇❤❡r❡ (εk, k ≥ 0) ❛r❡ ✐✳✐✳❞✳ ❝❡♥tr❡❞ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞❡♥t ♦❢ (Xt)✳ ❖✉r
❛✐♠ ✐s t♦ r❡❛❧✐③❡ ♥♦♥ ♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ b ♦✈❡r ❛ ❝♦♠♣❛❝t
✐♥t❡r✈❛❧ A = [a0, a1] ✭A = [0, 1] ❢♦r ✐♥st❛♥❝❡✮✱ ✉♥❞❡r t❤❡ ❛s②♠♣t♦t✐❝ ❢r❛♠❡✇♦r❦
t❤❛t M → +∞✱ δ = δM → 0 ❛♥❞ MδM → +∞✳
✶
❙❡✈❡r❛❧ ♣❛♣❡rs ❞❡❛❧ ✇✐t❤ ♥♦♥♣❛r❛♠❡tr✐❝ ❞r✐❢t ❡st✐♠❛t✐♦♥ ❢♦r ♥♦♥ ♥♦✐s② ❞❛t❛✱
✐✳❡✳ ❢♦r t❤❡ ❞✐r❡❝t ♦❜s❡r✈❛t✐♦♥ (Xkδ)✳ ✭s❡❡ ❡✳❣ ❍♦✛♠❛♥♥ ✭✶✾✾✾✮✱ ❈♦♠t❡ ❡t ❛❧✳
✭✷✵✵✼✮✱ ❙❝❤♠✐ss❡r ✭✷✵✵✾✮ ❢♦r ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞✐✛✉s✐♦♥s✮✳ ❍♦✇❡✈❡r✱ ✐♥ ♣r❛t✐❝❡✱
✐t ✐s ♦❢t❡♥ t❤❡ ❝❛s❡ t❤❛t ♦♥❡ ❝❛♥♥♦t ♦❜s❡r✈❡ ❡①❛❝t❧② (Xkδ)✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡
t♦ ❡✐t❤❡r ♠❡❛s✉r❡♠❡♥ts ❞❡✈✐❝❡s ♦r t♦ ✇❤❛t ✐s ❝❛❧❧❡❞ ♠✐❝r♦str✉❝t✉r❡ ♥♦✐s❡ ❢♦r
✜♥❛♥❝✐❛❧ ❞❛t❛✳ ❋♦r ✐♥st❛♥❝❡✱ ❩❤❛♥❣ ❡t ❛❧✳ ✭✷✵✵✺✮ ❛♥❞ ❏❛❝♦❞ ❡t ❛❧✳ ✭✷✵✵✾✮ st✉❞②
t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t❡❞ ✈♦❧❛t✐❧✐t②
∫ 1
0
σ2t dt ✇✐t❤✐♥ ❛ ✜①❡❞✲❧❡♥❣t❤ t✐♠❡
✐♥t❡r✈❛❧ ✭✐✳❡✳ MδM = 1✮✳ ■♥ t❤❡ s❛♠❡ ❝♦♥t❡①t✱ ●❧♦t❡r ❛♥❞ ❏❛❝♦❞ ✭✷✵✵✶✮ st✉❞② t❤❡
❡st✐♠❛t✐♦♥ ♦❢ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢r♦♠ ♥♦✐s② ❤✐❣❤✲
❢r❡q✉❡♥❝② ❞❛t❛✳ ❲✐t❤ ❞❛t❛ ✇✐t❤✐♥ ♦❢ ✜①❡❞ t✐♠❡ ✐♥t❡r✈❛❧✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t
t❤❡ ❞r✐❢t ❝❛♥♥♦t ❜❡ ❡st✐♠❛t❡❞✳ ❚❤❡ ❤✐❣❤ ❢r❡q✉❡♥❝② ❞❛t❛ ❝♦♥t❡①t ❢♦r ❞✐✛✉s✐♦♥s
♦❜s❡r✈❡❞ ✇✐t❤ ♥♦✐s❡ r❡q✉✐r❡s s♣❡❝✐✜❝ t♦♦❧s t♦ r❡❞✉❝❡ t❤❡ ♥♦✐s❡ ❡✛❡❝t ✇❤✐❧❡ ❦❡❡♣✐♥❣
❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ❡st✐♠❛t❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❞✐✛✉s✐♦♥✳ ■♥ ♦r❞❡r t♦
r❡❞✉❝❡ t❤❡ ♥♦✐s❡ ❡✛❡❝t✱ ✇❡ s♣❧✐t ❞❛t❛ ✐♥t♦ ❣r♦✉♣s ♦❢ ❡q✉❛❧ s✐③❡ p ❛♥❞ ❜✉✐❧❞
❡♠♣✐r✐❝❛❧ ♠❡❛♥s ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠✐♥❣ t❤❛t M = (n + 2)p✱ ✇❡ s❡t N = np✱
∆ = pδ ❛♥❞ ❢♦r k = 0, 1, . . . , n+ 2,













❚❤❡ ❣r♦✉♣ s✐③❡ p ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t ∆ = pδ ✐s s♠❛❧❧ ✇❤❡r❡❛s n∆ = Nδ ✐s
❧❛r❣❡✳ ❚❤❡♥✱ ❜❛s❡❞ ♦♥ t❤❡ ♠❡❛♥s s❛♠♣❧❡
(
Y¯k∆, k = 0, 1, . . . , n+ 2
)
✱ ✇❡ ❛♣♣❧②









✭❚❤❡ ❧❛❣ ✐s ❤❡r❡ t♦ ❛✈♦✐❞ ❝✉♠❜❡rs♦♠❡ ❝♦rr❡❧❛t✐♦♥s✳✮ ❚❤❡♥✱ ❛ ♣❡♥❛❧✐s❡❞ ❧❡❛st✲
sq✉❛r❡ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞ t♦ ❜✉✐❧❞ ❛ ♥♦♥ ♣❛r❛♠❡tr✐❝ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ♦❢ b(.)
✭✇✐t❤♦✉t ❦♥♦✇❧❡❞❣❡ ♦❢ σ(.)✮✳ ❲❡ ✐♥tr♦❞✉❝❡ ❛ ❢❛♠✐❧② ♦❢ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s✉❜✲
s♣❛❝❡s (Sm) ♦❢ L




♦❢ ❡st✐♠❛t♦rs ♦❢ bA = b✶A✳
❚❤❡♥✱ ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❡♥❛❧t②✱ ✇❡ s❡❧❡❝t✱ ❜② ❛ ❞❛t❛✲❞r✐✈❡♥ ♣r♦❝❡❞✉r❡✱ ❛♥ ❛❞❛♣t✐✈❡
❡st✐♠❛t♦r bˆmˆ ❛♠♦♥❣ t❤❡ ❝♦❧❧❡❝t✐♦♥✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r r✐s❦
❛❝❤✐❡✈❡s t❤❡ ✉s✉❛❧ ♦♣t✐♠❛❧ ♥♦♥ ♣❛r❛♠❡tr✐❝ r❛t❡ ♦❢ t❤❡ ♥♦♥ ♥♦✐s② ❞❛t❛ ❝❛s❡ ✉♥✲
❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ s✉❜✲●❛✉ss✐❛♥ ♥♦✐s❡s✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡ ●❛✉ss✐❛♥ ♦r ❜♦✉♥❞❡❞
♥♦✐s❡s✳
■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ s♣❡❝✐❢② t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s✳ ❙❡❝t✐♦♥ ✸ ❞❡s❝r✐❜❡s
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ ♣r❡❝✐s❡ t❤❡ r❡❣r❡ss✐♦♥✲t②♣❡ ❡q✉❛t✐♦♥




♦❢ ❡st✐♠❛t♦rs✳ ❚❤❡♦r❡♠ ✶ ❣✐✈❡s t❤❡
r✐s❦ ❜♦✉♥❞ ♦❢ ❛♥ ❡st✐♠❛t♦r bˆm ❢♦r ✜①❡❞ m✳ ❚❤❡♦r❡♠ ✷ ❛♥❞ ✸ ❣✐✈❡ t❤❡ r✐s❦ ❜♦✉♥❞
♦❢ t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r bˆmˆ✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ♣r♦♣♦s❡ ❡①❛♠♣❧❡s ♦❢ ♠♦❞❡❧s ✇✐t❤
❞✐✛❡r❡♥t ♥♦✐s❡s ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✐♠♣❧❡♠❡♥t t❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦♥ s✐♠✉❧❛t❡❞
❞❛t❛✳ Pr♦♦❢s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✻ ❛♥❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳
✷
✷ ▼♦❞❡❧ ❛♥❞ ❛ss✉♠♣t✐♦♥s
❘❡❝❛❧❧ t❤❛t A = [a0, a1] ✐s t❤❡ ❝♦♠♣❛❝t s❡t ✇❤❡r❡ b ✐s ❡st✐♠❛t❡❞ ❛♥❞ ❝♦♥s✐❞❡r
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿
❆ss✉♠♣t✐♦♥ ✶✳
❋✉♥❝t✐♦♥s σ(x) ❛♥❞ b(x) ❛r❡ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③✳
❲❡ ❞❡♥♦t❡ ❜② bL ❛♥❞ σL t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥ts ♦❢ b ❛♥❞ σ✳
❆ss✉♠♣t✐♦♥ ✷✳
❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts r > 0 ❛♥❞ α ≥ 1 s✉❝❤ t❤❛t
∃M0 ∈ R+, ∀x, |x| ≥M0, xb(x) ≤ −r |x|α .
❆ss✉♠♣t✐♦♥ ✸✳
❚❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡✿
∃σ21 , σ20 > 0, ∀x ∈ R, σ21 ≤ σ2(x) ≤ σ20 .














❚❤❡ ♣r♦❝❡ss ✐s st❛t✐♦♥❛r②✿
η ∼ π
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✷✲✸✱ η ❤❛s ♠♦♠❡♥ts ♦❢ ❛♥② ♦r❞❡r✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡r✐✈❡
❢r♦♠ ❡q✉❛t✐♦♥ ✭✺✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t π1 s✉❝❤ t❤❛t
∀x ∈ R, π(x) ≤ π1 ✭✻✮
❛♥❞✱ ♦✈❡r I = [a0 − 2, a1 + 2]✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t π0 s✉❝❤ t❤❛t
∀x ∈ I, π(x) ≥ π0. ✭✼✮
❆❝❝♦r❞✐♥❣ t♦ P❛r❞♦✉① ❛♥❞ ❱❡r❡t❡♥♥✐❦♦✈ ✭✷✵✵✶✮✱ Pr♦♣♦s✐t✐♦♥ ✶ ♣✳✶✵✻✸✱ ✉♥❞❡r
❆ss✉♠♣t✐♦♥s ✷✲✸✱ t❤❡ ♣r♦❝❡ss (Xt) ✐s ❡①♣♦♥❡♥t✐❛❧❧② β✲♠✐①✐♥❣✿ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡
❝♦♥st❛♥ts C, θ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ t✱
βX(t) ≤ Ce−θt, ✭✽✮
✇❤❡r❡ βX(t) ✐s t❤❡ β−♠✐①✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ (Xt)✳ ▼♦r❡♦✈❡r✱ Pr♦♣♦s✐t✐♦♥ ❆ ♣✳✷✷✻
♦❢ ●❧♦t❡r ✭✷✵✵✵✮ ✐♠♣❧✐❡s t❤❛t✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✹✱ ❢♦r ❛♥② ✐♥t❡❣❡r k ≥ 1✱
t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t c(k) s✉❝❤ t❤❛t








❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s εk ❤❛✈❡ ❞❡♥s✐t② f ✱ ❛r❡ ❝❡♥tr❡❞ ❛♥❞ ❤❛✈❡ ♠♦♠❡♥ts ♦❢ ♦r❞❡r
✹✳
✸








❞❡✜♥❡❞ ✐♥ ✭✸✮✲✭✹✮ ❛r❡
str✐❝t❧② st❛t✐♦♥❛r②✳ ❚❤❡✐r ✐♥✈❛r✐❛♥t ❞❡♥s✐t✐❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ π¯p,δ ❛♥❞
π˜p,δ✳
❆ss✉♠♣t✐♦♥ ✻✳
❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts π¯0✱ π¯1 ✐♥❞❡♣❡♥❞❡♥t ♦❢ p ❛♥❞ δ s✉❝❤ t❤❛t✿
∀x ∈ R, π¯p,δ(x) ≤ π¯1 ❛♥❞ ∀x ∈ B, π¯p,δ(x) ≥ π¯0
✇❤❡r❡ B = [a0 − 1, a1 + 1]✳
❲❡ ♣r♦✈❡ t❤✐s ❛ss✉♠♣t✐♦♥ ✉♥❞❡r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ b ❛♥❞ σ✳
Pr♦♣♦s✐t✐♦♥ ✶✳
■❢
✭❛✮ t❤❡ ♣r♦❝❡ss (Xt)t≥0 ✐s ❛♥ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✳
✭❜✮ t❤❡ ❢✉♥❝t✐♦♥s b ❛♥❞ σ ❛r❡ C 3✱ |b|✱|b′|✱ |σ|✱ |σ′|✱ |σ′′| ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞
σ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② σ1 > 0✱
❆ss✉♠♣t✐♦♥ ✻ ✐s s❛t✐s✜❡❞✳
■♥ ❢❛❝t✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❜♦✉♥❞ t❤❡ ❢✉♥❝t✐♦♥ π˜. ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥
✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧❧ ✐♥ ♣r♦✈❡s✿
Pr♦♣♦s✐t✐♦♥ ✷✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✺ ❛♥❞ ✻✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts π˜0 ❛♥❞ π˜1 s✉❝❤ t❤❛t✱
❢♦r ❛❧❧ δ✱ ✐❢ p ≥ p0 ✭❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❧❛✇ ♦❢ ε1✮✿
∀x ∈ R, π˜p,δ(x) ≤ π˜1 ❛♥❞ ∀x ∈ A, π˜p,δ(x) ≥ π˜0.
✸ ❆♣♣r♦①✐♠❛t✐♦♥ s♣❛❝❡s
❖✉r ❛✐♠ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ❞r✐❢t ❢✉♥❝t✐♦♥ b ♦✈❡r ❛♥ ✐♥t❡r✈❛❧ A = [a0, a1] ♦❢ R✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ✇❡ ❝❤♦♦s❡ A = [0, 1]✳ ❇❡❧♦✇✱ ✇❡ ❝♦♥str✉❝t ❛ ❢❛♠✐❧② ♦❢ ♥❡st❡❞ ❧✐♥❡❛r
s✉❜s♣❛❝❡s (Sm)m∈Mn ♦❢ L
2 (A) ✇❤❡r❡ Mn ✐s t❤❡ ✐♥❞❡① s❡t ♦❢ t❤❡ ❝♦❧❧❡❝t✐♦♥✿
Mn(r) = Mn = {m, Dm := dim(Sm) ≤ Dn} , ✭✶✵✮
✇❤❡r❡ t❤❡ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ Dn ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ❧❛t❡r✳ ❋♦r ❛♥② m ∈ Mn✱
❛♥ ❡st✐♠❛t♦r bˆm ♦❢ bA = b✶A ❜❡❧♦♥❣✐♥❣ t♦ Sm ✐s ❝♦♠♣✉t❡❞✳ ❚❤❡♥ t❤❡ ✏❜❡st✑
♣♦ss✐❜❧❡ ❡st✐♠❛t♦r ✐s ❝❤♦s❡♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ pen(m)✳
❙♣❧✐♥❡ ❢✉♥❝t✐♦♥s ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t t❤❡ s♣❛❝❡s Sm✳ ❚❤❡ s♣❧✐♥❡
❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ r✱ ❞❡♥♦t❡❞ gr✱ ✐s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ (r+1) t✐♠❡s ♦❢ t❤❡ ✐♥❞✐❝❛t♦r
❢✉♥❝t✐♦♥ ♦❢ [0, 1]✳ ■t ✐s C r−1 ❛♥❞ s✉♣♣♦rt❡❞ ♦♥ [0, r+1]✳ ❚❤❡ ❧✐♥❡❛r s✉❜s♣❛❝❡s Sm





❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✿
Pr♦♣♦s✐t✐♦♥ ✸✳
❋✉♥❝t✐♦♥s fm,k, k ∈ {−r,−r + 1, .., 2m − 1} ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳
✹
❚❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ Sm ✐s t❤❡♥ Dm = 2
m + r✳ ❚❤❡ ✐♥✜♥✐t❡ ♥♦r♠ ❛♥❞ t❤❡ L2
♥♦r♠ ❛r❡ ❝♦♥♥❡❝t❡❞✿ ❛❝❝♦r❞✐♥❣ t♦ ❙❝❤♠✐ss❡r ✭✷✵✵✾✮✱ Pr♦♣♦s✐t✐♦♥ ✸ ♣✳✻✱ t❤❡r❡
❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t φ1 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ∈ Sm✿
‖t‖2∞ ≤ φ21Dm ‖t‖2L2 ✭✶✶✮





❲❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s (ψλ) ♦❢ Sm s✉❝❤ t❤❛t✿
∃φ2, ∀λ, ❝❛r❞ ({λ′, ‖ψλψλ′‖∞ 6= 0}) ≤ φ2.
❚❤✐s ♣r♦♣♦s✐t✐♦♥ ✇✐❧❧ ❜❡ ❧❛t❡r ♣r♦✈❡❞✳ ❆❝❝♦r❞✐♥❣ t♦ ▼❡②❡r ✭✶✾✾✵✮✱ s♣❧✐♥❡
❢✉♥❝t✐♦♥s ❣❡♥❡r❛t❡ ❛ ♠✉❧t✐r❡s♦❧✉t✐♦♥ ❛♥❛❧②s✐s ♦❢ L2 (R)✱ ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦✲
s✐t✐♦♥ ✹✱ ♣✳✺✵✱ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ t ✐♥ ❛ ❇❡s♦✈ s♣❛❝❡ Bα2,∞ ([0, 1])✱ ✇✐t❤ r ≥ α✱ t❤❡r❡
❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✭L2✮ ♦❢ t ♦✈❡r
Sm ❞❡♥♦t❡❞ ❜② tm s❛t✐s✜❡s✿
‖t− tm‖L2 ≤ 2−mαC. ✭✶✷✮
✹ ❊st✐♠❛t✐♦♥





✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥


























(b (Xs)− b (Xk∆+jδ)) ds





(ε¯k+1 − ε¯k) ❛♥❞ Bk∆ = b
(
X¯(k−1)∆
)− b (Y¯(k−1)∆) . ✭✶✻✮













❛♥❞ ❞❡✜♥❡ t❤❡ ❡st✐♠❛t♦r bˆm ❛s✿
bˆm = arg min
t∈Sm
γn(t).
❘❡♠❛r❦ ✶✳ ❲❡ ❝❛♥ ❛❧✇❛②s ✜♥❞ ❛ ❢✉♥❝t✐♦♥ ♠✐♥✐♠✐s✐♥❣ γn✱ ❜✉t ✐t ♠❛② ❜❡ ♥♦t
✉♥✐q✉❡✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② v∗ t❤❡ tr❛♥s♣♦s❡ ♦❢ t❤❡ ✈❡❝t♦r v✳ ❙❡tt✐♥❣ T =
(T∆, . . . , Tn∆)
∗✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦r (bˆm(Y¯0), . . . , bˆm(Y¯(n−1)∆))
∗ = Πm(T )✱ ✇❤❡r❡
Πm ✐s t❤❡ ❊✉❝❧✐❞❡❛♥ ♣r♦❥❡❝t✐♦♥ ♦✈❡r t❤❡ s✉❜s♣❛❝❡{
(t(Y¯0), . . . , t(Y¯(n−1)∆), t ∈ Sm
}
✱ ✐s ❛❧✇❛②s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✳
❚❤✐s ✐s ✇❤②✱ ❛s ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✱ ✇❡ ❝❤♦♦s❡ t❤❡ r✐s❦ ❢✉♥❝t✐♦♥ ❛s t❤❡





✇❤❡r❡ ‖t‖2n = 1n
∑n
k=1 t
2(Y¯(k−1)∆) ❛♥❞ bA = b✶A✳
✹✳✶ ❘✐s❦ ♦❢ t❤❡ ♥♦♥✲❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛s②♠♣t♦t✐❝ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❝♦♥str❛✐♥ts ♦♥ p✱ δ✱ n✳ ❲❡
❛ss✉♠❡ t❤❛t p = pn✱ δ = δn ❞❡♣❡♥❞ ♦♥ n✱ ❜✉t t♦ ❡❛s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ♦♠✐t t❤❡
s✉❜s❝r✐♣t n✳
❆ss✉♠♣t✐♦♥ ✼✳
✭✐✮ n→∞, p→∞, δ → 0
✭✐✐✮ pδ = ∆→ 0, Nδ = n∆→∞
✭✐✐✐✮ ln(n)n∆ → 0 Dn ≤ c0 n∆ln2(n)
✇❤❡r❡ Dn ✐s t❤❡ ♠❛①✐♠❛❧ ❞✐♠❡♥s✐♦♥ ✭s❡❡ ✭✶✵✮✮✳ ■t ✐s ❛❧s♦ ❛ss✉♠❡❞ t❤❛t ∆ ≤ 1✳
❚❤❡♦r❡♠ ✶✳






















✇❤❡r❡ c ✐s ❛ ❝♦♥st❛♥t✳
■t r❡♠❛✐♥s t♦ ♦♣t✐♠✐s❡ t❤❡ r✐s❦ ✇✐t❤ r❡s♣❡❝t t♦ p✳ ❲❡ ❤❛✈❡ t♦ ♠✐♥✐♠✐s❡ t❤❡








✱ s♦ ✇❡ ❤❛✈❡ t♦ t❛❦❡ p ∼ δ−1/2✳
❈♦r♦❧❧❛r② ✶✳
■❢ ❆ss✉♠♣t✐♦♥s ✶✲✼ ❛r❡ s❛t✐s✜❡❞✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t❤❡ r✐s❦ ✐s ♦❜t❛✐♥❡❞ ❢♦r ❛















✇✐t❤ c✱ C✱ K ❝♦♥st❛♥ts✳
✻
✹✳✷ ❖♣t✐♠✐s❛t✐♦♥ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ s♣❛❝❡
❋♦r ❣✐✈❡♥ (N, δ)✱ ✇❡ ✇✐s❤ t♦ s❡❧❡❝t m ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❜❡st ❝♦♠♣r♦♠✐s❡
❜❡t✇❡❡♥ t❤❡ ❜✐❛s t❡r♠✱ ‖bA − bm‖2L2 ✱ ❛♥❞ t❤❡ ♠❛✐♥ ✈❛r✐❛♥❝❡ t❡r♠✱ Dm(Nδ)−1.
■♥ ❛ ✜rst st❡♣✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ bA ✐s ❦♥♦✇♥✱ t❤❛t ✐s bA ❜❡❧♦♥❣s t♦ ❛ ❇❡s♦✈
s♣❛❝❡ Bα2,∞ ([0, 1]) ❛♥❞ ‖b‖2Bα
2,∞
≤ 1✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✶✷✮✱ ✐t ✐s ❦♥♦✇♥ t❤❛t










≤ K (Nδ)−2α/(2α+1) + c
Nδ
+ c′δ1/2.
❚❤❡ r✐s❦ ♦❢ ❛ ♥♦♥✲♥♦✐s② ♣r♦❝❡ss s❛t✐s✜❡s t❤❡ s❛♠❡ ✐♥❡q✉❛❧✐t② ❡①❝❡♣t ❢♦r t❤❡ ❧❛st
t❡r♠ ✇❤✐❝❤ ✐s δ ✐♥st❡❛❞ ♦❢ δ1/2✳
❘❡♠❛r❦ ✷✳ ▲❡t ✉s s❡t δ ∼ N−β ✱ ✇✐t❤ 0 < β < 1✳ ❲❡ ❤❛✈❡
β ♠❛✐♥ t❡r♠ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡
0 < β < 4α(6α+1) δ
1/2 N−β/2
4α
(6α+1) < β < 1 (Nδ)
−2α/(2α+1)
N−2α(1−β)/(2α+1)
2/3 ≤ β < 1
❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ♦❢ t❤❡ r✐s❦ ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② N−1/3✱ ❛♥❞ ✐s ♦♣t✐♠✉♠
❢♦r Nδ3/2 = O(1)✳ ❲❡ r❡❝❛❧❧ t❤❛t✱ ❢♦r ❛ ♥♦♥✲♥♦✐s② ♣r♦❝❡ss✱ t❤❡ r❛t❡ ✐s ♦♣t✐♠✉♠
❢♦r Nδ2 = O(1)✱ ❛♥❞ ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② N−1/2✳
✹✳✸ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥✿ s✉❜✲●❛✉ss✐❛♥ ❝❛s❡
❖✉r ❛✐♠ ✐s t♦ s❡❧❡❝t ❛✉t♦♠❛t✐❝❛❧❧② mˆ✱ ✇✐t❤♦✉t ❛♥② ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ r❡❣✉❧❛r✐t②
♦❢ b✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥ pen(m)✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐♠❡♥s✐♦♥
Dm✱ t❤❡ ♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s N ❛♥❞ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ st❡♣ δ✿ mˆ ✐s ❞❡✜♥❡❞
❛s














‖bA − bm‖2L2 + pen(m)
)
.
❆♥ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ✐s ♥❡❡❞❡❞✳
❆ss✉♠♣t✐♦♥ ✽✳
❚❤❡ ✈❛r✐❛❜❧❡s εk ❛r❡ s✉❜✲●❛✉ss✐❛♥✿ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t υ s✉❝❤ t❤❛t✿
∀λ ∈ R, E (eλε0) ≤ eυ2λ2/2.
✼
❘❡♠❛r❦ ✸✳ ●❛✉ss✐❛♥ ❛♥❞ ❜♦✉♥❞❡❞ ✈❛r✐❛❜❧❡s s❛t✐s❢② t❤✐s ❛ss✉♠♣t✐♦♥✳ ❋♦r ✐♥✲
st❛♥❝❡✱ ❛ ✉♥✐❢♦r♠ ❧❛✇ ♦♥ [−υ, υ] ✐s s✉❜✲●❛✉ss✐❛♥ ♦❢ ♣❛r❛♠❡t❡r υ2✳ ▼♦r❡♦✈❡r✱
❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦❢ ❧❛✇ f(x) ∝ x2ke−x2/(2σ2)✱ ✇❤❡r❡ k ✐s ❛♥ ✐♥t❡❣❡r✱ ✐s s✉❜✲
●❛✉ss✐❛♥ ♦❢ ♣❛r❛♠❡t❡r υ2 = (2k + 1)σ2✳
❚❤❡♦r❡♠ ✷✳























❚❤❡ ♣❛r❛♠❡t❡r υ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❦♥♦✇♥✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ σ20 ✐s ✉♥❦♥♦✇♥✱
❜✉t ✇❡ ❝❛♥ r❡♣❧❛❝❡ ✐t ❜② ❛ r♦✉❣❤ ❡st✐♠❛t♦r ✭s❡❡ s❡❝t✐♦♥ ✺✳✷ ♦❢ ❈♦♠t❡ ❡t ❛❧✳
✭✷✵✵✼✮✮✳ ❚❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r ❛✉t♦♠❛t✐❝❛❧❧② r❡❛❧✐③❡s t❤❡ ❜✐❛s✲✈❛r✐❛♥❝❡ ❝♦♠✲
♣r♦♠✐s❡✿ ✇❤❡♥❡✈❡r bA ❜❡❧♦♥❣s t♦ s♦♠❡ ❇❡s♦✈ ❜❛❧❧✱ ✐❢ r ≥ α✱ bˆmˆ ❛❝❤✐❡✈❡s t❤❡
♦♣t✐♠❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥♣❛r❛♠❡tr✐❝ r❛t❡✳
✹✳✹ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥✿ ❣❡♥❡r❛❧ ❝❛s❡
■❢ ❆ss✉♠♣t✐♦♥ ✽ ✐s ♥♦t s❛t✐s✜❡❞✱ t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ❚❤❡♦r❡♠ ✶ ❝❛♥♥♦t ❜❡ ❣❡♥❡r✲
❛❧✐s❡❞ t♦ t❤❡ ❛❞❛♣t✐✈❡ ❝❛s❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✉s❡ ❛ ✇❡❛❦❡r ✐♥❡q✉❛❧✐t②✳
▲❡♠♠❛ ✶✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✼✱ ✐❢ p∆2 = p3δ2 → ∞✱ t❤❡ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r bˆm















■♥ ♦r❞❡r t♦ ♠✐♥✐♠✐s❡ t❤✐s ✐♥❡q✉❛❧✐t②✱ ♦♥❡ ❤❛s t♦ ♠✐♥✐♠✐s❡ cτ
2
p3δ2 + cpδ✱ t❤❛t ✐s












❚❤❡ t❡r♠ δ1/2 ♦❢ ❈♦r♦❧❧❛r② ✶ ✐s r❡♣❧❛❝❡❞ ❜② δ1/4✱ t❤❡ ♦t❤❡r t❡r♠s ❛r❡ t❤❡
s❛♠❡✳
❚❤❡♦r❡♠ ✸✳













(‖bm − bA‖2L2 + pen(m))+ Cσ20Nδ + C ′δ1/4.
✽
✺ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ♦♥ ❡①❛♠♣❧❡s
❲❡ ✉s❡ ✈❛r✐♦✉s ♠❡t❤♦❞s t♦ s✐♠✉❧❛t❡ ✈❛r✐❛❜❧❡s (Xkδ)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ♣r❡s❡♥ts✱
❢♦r ❡❛❝❤ ♠♦❞❡❧✱ t❤❡ ❞r✐❢t ❛♥❞ t❤❡ ❞✐✛✉s✐♦♥ ❢✉♥❝t✐♦♥s✱ ❛s ✇❡❧❧ ❛s t❤❡ ♠❡t❤♦❞ ♦❢
s✐♠✉❧❛t✐♦♥✳
♠♦❞❡❧ b(x) σ(x) s✐♠✉❧❛t✐♦♥
▼♦❞❡❧ ✶ ✲✷ ✶ ❡①❛❝t
▼♦❞❡❧ ✷ − x√
1 + x2
✶ ❇❡s❦♦s










▼♦❞❡❧ ✹ −2x+ 3 sin(x) ✶ ❊✉❧❡r
▼♦❞❡❧ ✺ −x3 + 2x ✶ ❊✉❧❡r
▼♦❞❡❧ ✶ ✐s ❛♥ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✱ s♦ ✐t ❝❛♥ ❜❡ ❡①❛❝t❧② s✐♠✉❧❛t❡❞
✉s✐♥❣ ●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s✳ ▼♦❞❡❧s ✷ ❛♥❞ ✸ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✳
❚❤❡② ❝❛♥ ❜❡ ❡①❛❝t❧② s✐♠✉❧❛t❡❞ ❜② t❤❡ r❡tr♦s♣❡❝t✐✈❡ ❛❧❣♦r✐t❤♠ ♦❢ ❇❡s❦♦s ❛♥❞
❘♦❜❡rts ✭✷✵✵✺✮ ✭❛❝t✉❛❧❧②✱ ▼♦❞❡❧ ✸ ✐s ❛ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ▼♦❞❡❧ ✷✮✳ ▼♦❞❡❧s ✹
❛♥❞ ✺ ❛r❡ s✐♠✉❧❛t❡❞ ✉s✐♥❣ ❛♥ ❊✉❧❡r s❝❤❡♠❡✳ ▼♦❞❡❧s ✸ ❛♥❞ ✺ ❞♦ ♥♦t s❛t✐s❢② ❛❧❧
♦✉r ❛ss✉♠♣t✐♦♥s ✭t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t σ(x) ♦❢ ▼♦❞❡❧ ✸ ✐s ♥♦t ❜♦✉♥❞❡❞ ❢r♦♠
❜❡❧♦✇✱ ❛♥❞ t❤❡ ❞r✐❢t ♦❢ ▼♦❞❡❧ ✺ ✐s ♥♦t ▲✐♣s❝❤✐t③✮✳
❲❡ ✉s❡ t❤r❡❡ ❞✐✛❡r❡♥t ❧❛✇s t♦ ❝♦♠♣✉t❡ t❤❡ ♥♦✐s❡ ✈❡❝t♦r (εk)✿ ❛ ♥♦r♠❛❧ ❧❛✇
N (0, 1)✱ ❛ ✉♥✐❢♦r♠ ❧❛✇ ♦✈❡r [−1, 1] ❛♥❞ ❛ ▲❛♣❧❛❝✐❛♥ ❧❛✇✳ ❲❡ r❡❝❛❧❧ t❤❡ ❞❡♥s✐t② ♦❢
❛ ▲❛♣❧❛❝✐❛♥ ❧❛✇ ✭s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ❞♦✉❜❧❡ ❡①♣♦♥❡♥t✐❛❧✮✿ f(x) = λ2 e
−λ|x|✳ ❍❡r❡✱
✇❡ ❝❤♦♦s❡ λ = 1✳ ❚❤✐s ♥♦✐s❡ ✐s ♥♦t s✉❜✲●❛✉ss✐❛♥✳
❋♦r ❡✈❡r② (m, r) ∈ Mn×{1, . . . , 6}✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❡st✐♠❛t♦r bˆm,r := bˆm ♦❢
t❤❡ ❞r✐❢t b✳ ❚❤❡♥✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥




) 2m + r
n∆
✭✇❡ r❡❝❛❧❧ t❤❛t Dm = 2
m + r✮✱ ✇❡ s❡❧❡❝t t❤❡ ❛❞❛♣t✐✈❡ ❡st✐♠❛t♦r bˆmˆ,rˆ✳ ❚❤❡ ❝♦♥✲
st❛♥t κ ✐s ❝❤♦s❡♥ ❡q✉❛❧ t♦ ✸ ❜② ♥✉♠❡r✐❝❛❧ ❝❛❧✐❜r❛t✐♦♥ ✭s❡❡ ❈♦♠t❡ ❛♥❞ ❘♦③❡♥❤♦❧❝
✭✷✵✵✹✮ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❞✐s❝✉ss✐♦♥✮✳ ❚❤❡ ❡rr♦r ❜❡t✇❡❡♥ bˆmˆ,rˆ ❛♥❞ bA ✐s ♠❡❛s✉r❡❞
❜② t❤❡ ❡♠♣✐r✐❝❛❧ ♥♦r♠ error = ‖bˆmˆ,rˆ − bA‖2n. ■♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❛❧❣♦✲






❋✐❣✉r❡s ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞r✐❢t ♦♥ t❤❡ ✐♥t❡r✈❛❧ [−2, 2] ✇✐t❤
N = 106✱ δ = 10−4 ❛♥❞ p = 100✳
■♥ t❛❜❧❡s ❜❡❧♦✇✱ ❢♦r ❡❛❝❤ tr✐♣❧❡t (N, p, δ)✱ ✇❡ ❤❛✈❡ s✐♠✉❧❛t❡❞ ✺✵ s❛♠♣❧❡s ♦❢
{(Xkδ), k = 1, . . . ,M}✳ ❲❡ ❣✐✈❡ t❤❡ ❡♠♣✐r✐❝❛❧ r✐s❦ ♦❢ t❤❡ ❡st✐♠❛t♦r✱ ✏ris =♠❡❛♥✭
error✮✑ ♦✈❡r t❤❡ ✜❢t② ❡st✐♠❛t✐♦♥s✱ ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ♦r❛❝❧❡ ✏or =♠❡❛♥✭error/emin✮✑✳
❚❤❡ ✈❛❧✉❡s s❡❧❡❝t❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ ❛r❡ ❞❡♥♦t❡❞ mˆ ❛♥❞ rˆ✳ ■♥ t❤❡ t❛❜❧❡s✱ ✇❡
❝♦♠♣✉t❡ t❤❡✐r ♠❡❛♥s✳ ❚❤❡ ♠✐♥✐♠❛ ♦❢ ris ❛♥❞ or ❛r❡ s❡t ✐♥ ❜♦❧❞✳
❈♦♠♠❡♥ts✿ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❡rr♦r ❛♥❞ t❤❡ ♦r❛❝❧❡ ❛r❡ ✐♥ ❣❡♥❡r❛❧ ❜❡tt❡r ❢♦r t❤❡
✉♥✐❢♦r♠ ♥♦✐s❡✱ ❛♥❞ ✇♦rs❡ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ♥♦✐s❡✱ ♥❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐s ♠❛✐♥❧②
❜❡❝❛✉s❡ t❤❡ ♥♦✐s❡s ❤❛✈❡ ❞✐✛❡r❡♥t ✈❛r✐❛♥❝❡s✿ ✶✴✸ ❢♦r t❤❡ ✉♥✐❢♦r♠ ♥♦✐s❡✱ ✶ ❢♦r t❤❡
●❛✉ss✐❛♥ ♥♦✐s❡✱ ❛♥❞ ✷ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ♥♦✐s❡✳ ❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥
✾
♥♦✐s❡ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♦t❤❡r r❡s✉❧ts✳ ❆❝t✉❛❧❧②✱ ❡✈❡♥ ✐❢ t❤❡ ✈❛r✐❛❜❧❡s (εk)
❛r❡ ♥♦t s✉❜✲●❛✉ss✐❛♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠✱ ✈❛r✐❛❜❧❡s (ε¯k) ❛r❡
♥❡❛r❧② ●❛✉ss✐❛♥✳
■❢ t❤❡ ❞r✐❢t ✐s ❧✐♥❡❛r✱ ♠♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ ❡st✐♠❛t♦rs ❛r❡ ❧✐♥❡❛r✳ ❚❤❡ ❝♦♥tr❛r②
✐s ♥♦t tr✉❡ ✭s❡❡ ▼♦❞❡❧s ✷ ❛♥❞ ✸✮✳ ▼♦r❡♦✈❡r✱ t❤❡ s♠❛❧❧❡r ∆ = pδ ❛♥❞ (Nδ)−1✱
t❤❡ s♠❛❧❧❡r t❤❡ ❡rr♦r✱ ♥❡✈❡rt❤❡❧❡ss✱ t❤❡ r✐s❦ ✐s ♥♦t ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤✐s ✈❛r✐❛t✐♦♥✳
❚❤✐s ❝❛♥ ❜❡ ❞✉❡ t♦ t❤❡ ❝♦♥st❛♥ts ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ r✐s❦✳ ❚❤❡
❜❡st ♣♦ss✐❜❧❡ ❡st✐♠❛t♦rs ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♦❜t❛✐♥❡❞ ❢♦r N = 10−6✱ δ = 10−4✱ ❡✐t❤❡r
❢♦r p = 100✱ ❡✐t❤❡r ❢♦r p = 103✳
✻ Pr♦♦❢s
✻✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶
❲❡ r❡❝❛❧❧ t❤❡ ❘♦s❡♥t❤❛❧ ✐♥❡q✉❛❧✐t② ✭s❡❡ ❍❛❧❧ ❛♥❞ ❍❡②❞❡ ✭✶✾✽✵✮ t❤❡♦r❡♠ ✷✳✶✷
♣✳✷✸✮✳
❚❤❡ ❘♦s❡♥t❤❛❧ ✐♥❡q✉❛❧✐t②✳
▲❡t (η1, . . . , ηn) ❜❡ ❝❡♥tr❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s s✉❝❤ t❤❛t E (|ηi|p) < ∞✳




















❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ Pr♦❝❡ss❡s Ak∆✱ Ik∆✱

































































✱ bL ✐s t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t ♦❢ b
❛♥❞ c(2)✱ c(4) ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✾✮✳
❲❡ ❤❛✈❡


















▲❡t ✉s ❞❡♥♦t❡ ❜② bm t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ✭L


















(Ak∆ +Bk∆ + Ik∆) t(Y¯(k−1)∆), ✭✶✽✮
✭s❡❡ ✭✶✺✮✲ ✭✶✻✮✮✳ ❇② ❞❡✜♥✐t✐♦♥ ✱ γn(bˆm)− γn (b) ≤ γn(bm)− γn(b)✱ s♦✿∥∥∥bˆm − b∥∥∥2
n








❛♥❞✱ ❛s bˆm ❛♥❞ bm ❛r❡ A✲s✉♣♣♦rt❡❞✿∥∥∥bˆm − bA∥∥∥2
n









▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦r♠ ‖t‖2p˜i =
∫
A
t2(x)π˜(x)dx ✇❤❡r❡ π˜ = π˜p,δ ✐s t❤❡ ❞❡♥s✐t② ♦❢




















✐♥ ✇❤✐❝❤ ♥♦r♠s ‖.‖n ❛♥❞ ‖.‖p˜i ❛r❡ ❡q✉✐✈❛❧❡♥t✿ ♦♥ Ωn✱ ✇❡ ❤❛✈❡
‖t‖2p˜i ≤ 2 ‖t‖2n ≤ 3 ‖t‖2p˜i . ✭✶✾✮
■♥ ❛ ✜rst st❡♣✱ ✇❡ ✇✐❧❧ ❜♦✉♥❞ t❤❡ r✐s❦ ♦✈❡r Ωn. ▲❡t ✉s s❡t Bm = {t ∈ Sm, ‖t‖p˜i ≤ 1}✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡ t❤❛t✱ ♦♥ ♦♥❡ ❤❛♥❞✱


















































+2 ‖bA − bm‖2n .
❇② ❝♦❧❧❡❝t✐♥❣ t❡r♠s✱ ✇❡ ♦❜t❛✐♥✿
∥∥∥bˆm − bA∥∥∥2
n





















































✳ ▲❡t (ϕλ, λ ∈ Λm)
























































▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❧tr❛t✐♦♥s
Ft = σ (η, Ws, s ≤ t) ❛♥❞ Gt = σ (η, Ws, s ≤ t, εj , jδ ≤ t) . ✭✷✵✮
❋♦r ❛♥② k✱ Y¯(k−1)∆ ✐s G(k−1)∆✲♠❡❛s✉r❛❜❧❡ ❛♥❞
(∫ t
0
σ(Xs)dWs, t ≥ 0
)
✐s ❛ (Gt)✲






























































































































ϕλ(Y¯(k−1)∆) (ε¯k+1 − ε¯k)
)2 .
❚❤❡ s♣❧✐tt✐♥❣ ✐♥t♦ ♦❞❞ ❛♥❞ ❡✈❡♥ ✐♥❞❡①❡s ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞✈❛♥t❛❣❡✿ ❡❛❝❤ s✉♠
✐s ❝♦♠♣♦s❡❞ ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ✈❛r✐❛❜❧❡s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❞✐str✐❜✉t✐♦♥s✳ ▼♦r❡♦✈❡r✱
s✐♥❝❡ Y¯(k−1)∆ = X¯(k−1)∆ + ε¯k−1✱ t❤❛♥❦s t♦ t❤❡ ❧❛❣✱ ϕλ(Y¯(k−1)∆) ✐s ✐♥❞❡♣❡♥❞❡♥t
















































▲❡t ✉s s❡t e = (e∆, . . . , en∆)
∗✱ ✇❤❡r❡ ek∆ = Tk∆ − b(Y¯(k−1)∆) ✇❤❡r❡ Tk∆ ✐s
❞❡✜♥❡❞ ❜② ✭✶✸✮ ❛♥❞ ΠmT = Πm(T∆, . . . , Tn∆)
∗ =
(
bˆm(Y¯0), . . . , bˆm(Y¯(n−1)∆)
)∗
✇❤❡r❡ Πm ✐s t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦✈❡r Sm✳ ❚❤❡♥∥∥∥bˆm − bA∥∥∥2
n
= ‖ΠmT − bA‖2n ≤ 2 ‖bA −ΠmbA‖2n + 2 ‖ΠmbA −ΠmT‖2n
≤ 2 ‖bA‖2n + 2 ‖Πme‖2n ≤ 2 ‖bA‖2n + 2 ‖e‖2n .


















































































































✻✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷





+ pen(mˆ) ≤ γn (bm) + pen(m),
s♦ ✇❡ ❤❛✈❡ t❤❛t✱ ♦♥ Ωn :∥∥∥bˆmˆ − bA∥∥∥2
n
















































■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ s✉♣r❡♠✉♠ ♦❢ ν2n(t) ❛♥❞ ρ
2
n(t) ♦✈❡r t❤❡ r❛♥❞♦♠ ❜❛❧❧






















:= pen1(m) + pen2(m).



















+ (pen1(m)− pen1(mˆ) + 28p1(m, mˆ))✶Ωn ] .
✶✹





























❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ❧❛t❡r ♣r♦✈❡❞✿
▲❡♠♠❛ ✹✳
❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✲✼✱ ✇❡ ❤❛✈❡✿
P
(










❚❤❡ ❢✉♥❝t✐♦♥ νn(t) ✐s ❞❡✜♥❡❞ ❜② ✭✶✽✮✳
▲❡♠♠❛ ✺✳
■❢ ❆ss✉♠♣t✐♦♥s ✶✲✽ ❛r❡ s❛t✐s✜❡❞✱ t❤❡♥
P
(








✇❤❡r❡ ρn(t) ✐s ❞❡✜♥❡❞ ❜② ✭✶✽✮✳
▲❡♠♠❛ ✻✳







(ak, k = 1, . . . , n) r❡❛❧ ♥✉♠❜❡rs✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t
P
(













































❆♣♣❧②✐♥❣ t❤❡ ▲❡♠♠❛s✱ ❛s
∑
m e
−Dm < 1✱ ✇❡ ❣❡t t❤❛t t❤❡r❡ ❡①✐st t✇♦ ❝♦♥st❛♥ts


























❙♦✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✷✹✮ ❛♥❞ ✭✷✺✮✱ ✇❡ ❤❛✈❡ t❤❛t





























❙❡tt✐♥❣ p = δ−1/2✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳














































































❲❡ ♦❜t❛✐♥ s✐♠✐❧❛r r❡s✉❧ts ❢♦r M
(2)


















♠❛rt✐♥❣❛❧❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✜❧tr❛t✐♦♥ Gt✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② λ > 0✱ η, ζ > 0✱
i ∈ {1, 2}✿
P
(



































▼✐♥✐♠✐s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ λ✱ ✇❡ ♦❜t❛✐♥ t❤❛t
P
(


















































✻✳✷✳✷ Pr♦♦❢ ♦❢ t❤❡♦r❡♠ ✺




















❲❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t N
(1)
k ✐s ❛ G(k+1)∆✲♠❛rt✐♥❣❛❧❡ ✇❤❡r❡❛s N
(2)






























❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❚❝❤❡❜✐t❝❤❡✈ ✐♥❡q✉❛❧✐t②✱ ❢♦r ❛♥② λ > 0✱
P
(





























































































▼✐♥✐♠✐s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ λ✱ ✇❡ ♦❜t❛✐♥ t❤❛t
P
(









































































❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ✐♥ ❇❛r❛✉❞ ❡t ❛❧✳ ✭✷✵✵✶✮ ❜② ❛ L2✲❝❤❛✐♥✐♥❣
t❡❝❤♥✐q✉❡ ✭s❡❡ t❤❡✐r ❙❡❝t✐♦♥ ✼✱ ♣✳ ✹✹✲✹✼✱ ▲❡♠♠❛ ✼✳✶✱ ✇✐t❤ s2 = a ❛♥❞ νn = fn✮✳
✻✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳




+ ρn(bˆm − bm)✳
❚❤❡♥ ∥∥∥bˆm − bA∥∥∥2
n
≤ ‖bm − bA‖2n + 2νn(bˆm − bm) + 2en,m.
❲❡ ✇✐❧❧ ✜rst ❜♦✉♥❞ t❤✐s ✐♥❡q✉❛❧✐t② ♦♥ Ωn✳ ❲❡ ♦❜t❛✐♥ t❤❛t✱ ♦♥ Ωn✱
∥∥∥bˆm − bA∥∥∥2
n






























❖♥ Ωcn✱ ✇❡ ✉s❡ ✭✸✮✱ ❛♥❞✱ ❛s p∆


























✇❤✐❝❤ ♣r♦✈❡s ▲❡♠♠❛ ✶✳





































































❚❤✐s ✐♥❡q✉❛❧✐t② ✐s ♠✐♥✐♠✉♠ ✐❢ pδ ∼ 1/(p3δ2)✱ t❤❛t ✐s ✐❢ p ∼ δ−3/4✳
❆ ❆❞❞✐t✐♦♥❛❧ ♣r♦♦❢s
❆✳✶ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷









































































)− b (X¯(k−1)∆ + ε¯k−1))4] ≤ b4LE [ε¯4k−1] ,










































































❆✳✷ Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸





+ 1 ✭θ ✐s ❞❡✜♥❡❞ ✐♥✭✽✮✮✳
❆❝❝♦r❞✐♥❣ t♦ ❆ss✉♠♣t✐♦♥ ✼✱ ln(n)n∆ → 0 s♦ pn →∞✳
▲❡♠♠❛ ✼✳
❚❤❡r❡ ❡①✐sts ✈❛r✐❛❜❧❡s Y¯ ∗k∆ s✉❝❤












Y¯2(l−1)qn∆, . . . , Y¯((2l−1)qn−1)∆
)












Y¯(2l−1)qn∆, . . . , Y¯(2lqn−1)∆
)
.
✷✳ ❢♦r ❡❛❝❤ a ∈ {1, 2}✱ r❛♥❞♦♠ ✈❡❝t♦rs ~V ∗1,a, . . . , ~V ∗pn,a ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳
✷✵
✸✳ P
(∃k, Y¯ ∗k∆ 6= Y¯k∆, k = 1, . . . , n) ≤ pnβX (qn∆)✳
❚♦ ♣r♦✈❡ t❤✐s ❧❡♠♠❛✱ ✇❡ ✉s❡ ❛ ❇❡r❜❡❡ ❝♦✉♣❧✐♥❣ ♠❡t❤♦❞ ❧✐❦❡ ✐♥ Pr♦♣♦s✐t✐♦♥
✺✳✶ ♦❢ ❱✐❡♥♥❡t ✭✶✾✾✼✮✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ✈❛r✐❛❜❧❡s X∗kδ s✉❝❤ t❤❛t
❼ ❋♦r l = 1, . . . , pn✱ t❤❡ r❛♥❞♦♠ ✈❡❝t♦rs
~Ul,1 =
(








❤❛✈❡ s❛♠❡ ❧❛✇✱ ❛s t❤❡ ✈❡❝t♦rs
~Ul,2 =
(













≤ βX(qnpδ) = βX(qn∆) ✳
❼ ❋♦r ❡❛❝❤ a ∈ {1, 2}✱ r❛♥❞♦♠ ✈❡❝t♦rs ~U∗1,a, ..~U∗pn,a ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳








k∆+jδ + εkp+j s❛t✐s❢② ✭✶✮
❛♥❞ ✭✷✮✳ ▲❡t ✉s s❡t
Ω∗ = {Xkδ = X∗kδ, k = 1, . . . , N} ⊂
{
Y¯ ∗k∆ = Y¯k∆
}
.
❲❡ ❤❛✈❡ t❤❛t P (Ω∗c) ≤ P (∃k, Xkδ 6= X∗kδ) ≤ pnβX (qn∆)✱ ✇❤✐❝❤ ♣r♦✈❡s ✭✸✮✳
❚❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❈♦♠t❡ ❡t ❛❧✳ ✭✷✵✵✼✮✱ s❡❝t✐♦♥ ✼ ❛s
❧♦♥❣ ❛s ln(n)/(n∆)→ 0 ❛♥❞ Dn ≤ c0 n∆ln2(n) ✳
❆✳✸ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶
❆s (Xt)t≥0 ✐s st❛t✐♦♥❛r②✱ (X¯k∆)k≥0 ✐s st❛t✐♦♥❛r② ❢♦r p✱ δ ✜①❡❞✳ ❙✐♥❝❡ t❤❡ ✐♥✐t✐❛❧
✈❛r✐❛❜❧❡ η ❤❛s ❛ ❞❡♥s✐t② π ❛♥❞ (Xt) ❤❛s tr❛♥s✐t✐♦♥ ❞❡♥s✐t✐❡s✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
X¯k∆ ❤❛✈❡ ❛ ❞❡♥s✐t② π¯ := π¯p,δ. ❆ss✉♠♣t✐♦♥ ✻ r❡q✉✐r❡s ♣r❡❝✐s✐♦♥s ♦♥ t❤✐s ❞❡♥s✐t②✳
■❢ (Xt) ✐s ❛♥ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦ ♣r♦❝❡ss✱ ✐t ✐s ❝❡♥tr❡❞ ❛♥❞ ●❛✉ss✐❛♥✳ ■ts
❝♦✈❛r✐❛♥❝❡ ❢✉♥❝t✐♦♥ ✐s (s, t) → σ2/2b exp (− |t− s|)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❛♥❞♦♠























































































✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ ❛❜♦✈❡✳ ❆ss✉♠♣t✐♦♥ ✻ ✐s s❛t✐s✜❡❞✳
❲❡ ✇✐❧❧ ♥♦✇ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✳ ■♥ ❛ ✜rst st❡♣✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t




(Xu∆ − 1)✱ ❢♦r 0 ≤ u ≤ 1✱ ✐s s♦❧✉t✐♦♥ ♦❢ t❤❡
❙❉❊









✱ σ˜ (t) = σ(t
√
∆+ x) ❛♥❞ W˜u = Wu∆/
√
∆✳ ❋✉♥❝✲
t✐♦♥s b˜(x) ❛♥❞ σ˜(x) ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞ σ˜(x) ✐s ❜♦✉♥❞❡❞ ❢r♦♠

















yk/p ❛♥❞ V = y1.
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❡①❛❝t❧② ❚❤❡♦r❡♠ ✹ ♣✳✶✵✾ ✐♥ ●❧♦t❡r ❛♥❞ ●♦❜❡t ✭✷✵✵✽✮
▲❡♠♠❛ ✽✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣r♦❝❡ss (xt) s♦❧✉t✐♦♥ ♦❢ t❤❡ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥
dxt = b¯(xt) + σ¯(xt)dWt, ❛♥❞ x0 = x
✇✐t❤ σ¯(x) ❛♥❞ b¯(x) ❛r❡ C 3✱ σ¯(x)✱ b¯(x) ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s ❛r❡ ❜♦✉♥❞❡❞ ❛♥❞
t❤❡r❡ ❡①✐st σ¯0 > 0 s✉❝❤ t❤❛t σ¯(x) ≥ σ¯0✳ ▲❡t µ ❜❡ ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ♦♥ [0, 1]
s✉❝❤ t❤❛t µ (]0, 1[) > 0✳ ❚❤❡♥✱ ✐❢ ✇❡ s❡t






t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts c1 ❛♥❞ c2 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❜♦✉♥❞s ♦❢ b¯✱ σ¯ ❛♥❞ t❤❡✐r
❞❡r✐✈❛t✐✈❡s s✉❝❤ t❤❛t t❤❡ ❞❡♥s✐t② ♦❢ (U¯ , V¯ )✱ p¯x(u¯, v¯) s❛t✐s✜❡s✿
c−11 e
−c1(u¯
2+v¯2) ≤ p¯x(u¯, v¯) ≤ c−12 e−c2(u¯
2+v¯2).
❆s µ(du) = p−1
∑p
j=1 δj/p(du) ✐s ❛ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ t❤❡r❡ ❡①✐sts ❝♦♥✲
st❛♥ts c1 ❛♥❞ c2 s✉❝❤ t❤❛t t❤❡ ❞❡♥s✐t② px(u, v) ♦❢ (U, V ) s❛t✐s✜❡s✿
c−11 e
−c1(u
2+v2) ≤ px(u, v) ≤ c−12 e−c2(u
2+v2).
■♥t❡❣r❛t✐♥❣ t❤✐s r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦ v✱ ✇❡ ❡❛s✐❧② ♦❜t❛✐♥ ❜♦✉♥❞s ❢♦r t❤❡ ❞❡♥s✐t②
px(u) ♦❢ U ✿ t❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts K1 ❛♥❞ K2 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ❜♦✉♥❞s ♦❢
b¯✱ σ¯ ❛♥❞ t❤❡✐r ❞❡r✐✈❛t✐✈❡s s✉❝❤ t❤❛t
K−11 exp
(−c1u2) ≤ px(u) ≤ K−12 exp (−c2u2) .
✷✷
▲❡t ✉s ❞❡♥♦t❡ ❜② π¯x(y) t❤❡ ❞❡♥s✐t② ♦❢ X¯∆ ❣✐✈❡♥ X0 = x✳ ❆s X¯∆ = x +√
∆U ✱ π¯x(y) = ∆
−1/2px
(





















❚❤❡ ✐♥✈❛r✐❛♥t ❞❡♥s✐t② ♦❢ X¯∆✱ π¯✱ s❛t✐s✜❡s π¯ (y) =
∫
π¯x(y)π(x)dx. ■♥t❡❣r❛t✐♥❣ t❤❡









(−c2z2)π (y + z√∆) dz.
❚❤❡♥✱ ✇❡ ❞❡r✐✈❡ ❢r♦♠ ✭✻✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C2 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥
❢✉♥❝t✐♦♥s b ❛♥❞ σ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② y ∈ R✱
π¯ (y) ≤ C2π1.
■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✼✮ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C1 s✉❝❤ t❤❛t✱
❢♦r ❛♥② y ∈ [a0 − 1, a1 + 1]✱
π¯ (y) ≥ C1π0.
❆✳✹ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷
Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② fp t❤❡ ❞❡♥s✐t② ♦❢ ε¯0✳ ❙✐♥❝❡
∫
fp = 1✱ ❢♦r ❛❧❧ x ∈ R✱
π˜p,δ(x) := π˜(x) =
∫
R
π¯(y)fp(x− y)dy ≤ π¯1
∫
R
fp(x− y)dy ≤ π¯1.






P (|ε¯0| ≥ 1) = 0.

















❆✳✺ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸
▲❡t ✉s ❞❡♥♦t❡ ❜② Pr t❤❡ s❡t ♦❢ ♣✐❡❝❡✇✐s❡ ♣♦❧②♥♦♠✐❛❧s ♦♥ [k, k + 1]✱ k ∈ Z✱ ♦❢
❞❡❣r❡❡ r✱ C r−1✱ ❞❡✜♥❡❞ ♦♥ [−r − 1, 1] ❛♥❞ ♥✉❧❧ ♦♥ [−r − 1,−r]✳
▲❡♠♠❛ ✾✳
❚❤❡ s❡t Pr ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s ♦❢ ❞❡❣r❡❡ r✱ {(gr(x+ r − k)) , 0 ≤ k ≤ r}✳
Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r P ∈ Pr✳ ❋♦r ❛♥② z ∈ Z✱ ✇❡ ❝❛♥ ✇r✐t❡ P[z−1,z](x) =∑r
j=0 aj (x− z)j ❡t P[z,z+1](x) =
∑r
j=0 bj (x− z)j ✳ ❆s t❤✐s ♣♦❧②♥♦♠✐❛❧ ✐s C r−1
❛t ♣♦✐♥t z✱ ❢♦r ❛♥② j < r✱ P
(j)
[z−1,z](z) = j!aj = P
(j)




j=0 aj (x− z)j + (br − ar) (x− z)r✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
c s✉❝❤ t❤❛t
P[z,z+1](x) = P[z−1,z](x) + c (x− z)r . ✭✷✽✮
◆♦✇✱ ❧❡t R ❛♥❞ Q ❜❡ t✇♦ ❢✉♥❝t✐♦♥s ♦❢ Pr ❡q✉❛❧ ♦♥ [z− 1, z]✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✽✮✱
t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t c′ s✉❝❤ t❤❛t
R[z,z+1](x)−Q[z,z+1](x) = c′ (x− z)r . ✭✷✾✮
▼♦r❡♦✈❡r✱ t❤❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ r✱ ❞❡♥♦t❡❞ ❜② gr✱ ❜❡❧♦♥❣s t♦ Pr ❛♥❞✱ ♦♥
[0, 1]✱ ✐s ❡q✉❛❧ t♦ xr/r!✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t✱ ♦✈❡r [−r − 1, r + k]✱




cjgr(x+ r − j).
▲❡t ✉s ❞❡♥♦t❡ fk(x) =
∑k−1
j=0 cjgr(x+r−j)✳ ❆s P[−r−1,−r](x) = 0✱ t❤❡ ✐♥❞✉❝t✐♦♥
❤②♣♦t❤❡s✐s ✐s tr✉❡ ❢♦r k = 0✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ✐t ✐s s❛t✐s✜❡❞ ❢♦r k✳ ❋✉♥❝t✐♦♥s
fk ❛♥❞ P ❜❡❧♦♥❣s t♦ Pr ❛♥❞ ❛r❡ ❡q✉❛❧ ♦♥ [−r+ k− 1,−r+ k]✱ s♦✱ ❛❝❝♦r❞✐♥❣ t♦
✭✷✾✮✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ck s✉❝❤ t❤❛t✱ ♦♥ [−r + k,−r + k + 1]✱
P (x)− fk(x) = ck (x+ r − k)r .
❍❡♥❝❡✱ ♦♥ [−r + k,−r + k + 1]✱ P (x) = ∑kj=0 r!cjgr(x + r − j) = fk+1(x)✳
❆s t❤❡ ❢✉♥❝t✐♦♥ x → cjgr(x + r − k) ✐s ❡q✉❛❧ t♦ ✵ ♦♥ [−∞,−r + k]✱ ♦♥ t❤❡
✐♥t❡r✈❛❧ [−r − 1,−r + k + 1]✱ P (x) = fk+1(x)✳ ❚❤❡r❡ ❡①✐st s♦♠❡ r❡❛❧ ♥✉♠❜❡rs
(cj , 0 ≤ j ≤ r) s✉❝❤ t❤❛t P (x) =
∑r
j=0 cjgr(x + r − j)✳ ❚❤✐s ♣r♦♣❡rt② ✐s tr✉❡
❢♦r ❛♥② P ∈ Pr✳
▲❡♠♠❛ ✶✵✳
▲❡t Q ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ❧♦✇❡r ♦r ❡q✉❛❧ t♦ r ♦♥ [0, 1]✳ ❚❤❡r❡ ❡①✐sts ❛
♣♦❧②♥♦♠✐❛❧ P ∈ Pr s✉❝❤ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦❢ P ♦♥ [0, 1] ✐s Q✳
Pr♦♦❢✳ ▲❡t P ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ Pr✳ ■t ✐s ❦♥♦✇♥ t❤❛t P[−r−1,−r](x) = 0✱ s♦
❛❝❝♦r❞✐♥❣ t♦ ✭✷✽✮✱ t❤❡r❡ ❡①✐sts a0 s✉❝❤ t❤❛t P[−r,−r+1](x) = a0 (x− r)r✳ ❇②










aj (r − j)r−k .
❚❤❡ ♣♦❧②♥♦♠✐❛❧ Q ❝❛♥ ❜❡ ✇r✐tt❡♥ Q(x) =
∑r
k=0 bkx
k✳ P♦❧②♥♦♠✐❛❧s P ❛♥❞ Q
❛r❡ ❡q✉❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❛♥② k, 0 ≤ k ≤ r✱ t❤❡② s❛t✐s❢② ∑rj=0 aj (r − j)r−k =
bk/C
k









rr (r − 1)r . . . 1 0






r r − 1 . . . 1 0




t❤❡♥ ✐ts ❞❡t❡r♠✐♥❛♥t ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❛ ❱❛♥❞❡r♠♦♥❞❡✬s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛tr✐①
C ✐s ✐♥✈❡rt✐❜❧❡✳
▲❡t Q ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ ❧♦✇❡r ♦r ❡q✉❛❧ t♦ r ♦✈❡r [0, 1]✳ ❆❝❝♦r❞✐♥❣ t♦
▲❡♠♠❛ ✶✵✱ t❤❡r❡ ❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ P ∈ Pr s✉❝❤ t❤❛t P[0,1](x) = Q(x)✳
❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✾✱ t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts (cj)0≤j≤r s✉❝❤ t❤❛t P (x) =∑r





❚❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ❧♦✇❡r ♦r ❡q✉❛❧ t♦ r ♦♥ [0, 1] ✐s ❣❡♥❡r❛t❡❞
❜② t❤❡ s♣❧✐♥❡ ❢✉♥❝t✐♦♥s
{(
f0,k(x) = gr(x+ r − k)✶[0,1](x)
)
, 0 ≤ k ≤ r}✳ ❚❤❡
❞✐♠❡♥s✐♦♥ ♦❢ t❤✐s s♣❛❝❡ ✐s r + 1✱ ✇❡ ❤❛✈❡ r + 1 ❣❡♥❡r❛t✐♥❣ ❢✉♥❝t✐♦♥s✱ ❢✉♥❝t✐♦♥s
f0,k(x)✱ ❢♦r k = −r, . . . , 0✱ ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳
▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ h ∈ Sm✱ ❡q✉❛❧ t♦ ✵✳ ❲❡ ❝❛♥ ✇r✐t❡ h(x) =∑2m−1
k=−r αkfm,k(x)✳ ❚❤❡ ❢✉♥❝t✐♦♥ h(x) ✐s ♥✉❧❧ ♦♥ [0, 1/2





mx− k)✶[0,1/2m] = 0.
❍❡♥❝❡✱
∑0
k=−r αkgr (y − k)✶[0,1] = 0✳ ❲❡ ❦♥♦✇ t❤❛t ❢✉♥❝t✐♦♥s gr(x−k)✶[0,1] ❛r❡
❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✱ s♦ ❢♦r k = −r, . . . , 0✱ αk = 0 ❛♥❞ h(x) =
∑2m−1
k=0 αkfm,k(x)✳
❖♥ [1/2m, 2/2m]✱ t❤❡ ❢✉♥❝t✐♦♥ h(x) ✐s ❡q✉❛❧ t♦ α1fm,1(x) s♦ α1 = 0✳ ❲❡ ♣r♦✈❡
❜② ✐♥❞✉❝t✐♦♥ ♦♥ k t❤❛t ❢♦r k = −r, . . . , 2m − 1✱ αk = 0✳ ❚❤❡r❡❢♦r❡✱ ❢✉♥❝t✐♦♥s
(fm,k, k = −r, . . . , 2m − 1) ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳
❆✳✻ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹
❖✉r ❛✐♠ ✐s t♦ ❝♦♥str✉❝t ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ Sm✳ ▲❡t ✉s ❞❡♥♦t❡ ϕa,k(x) =
fm,r(k−1)+a ❢♦r k = 0, . . . , [(2
m − 1)/r] ❛♥❞ a = 1, . . . , r✳
❚❤❡ s✉♣♣♦rts ♦❢ ❢✉♥❝t✐♦♥s ϕ1,k ❛r❡ I1,k = 2
−m [r (k − 1) + 1, rk + 1] ∩ [0, 1]✳
❚❤❡② ❛r❡ ❞✐s❥♦✐♥ts✱ s♦ t❤❡ ❢✉♥❝t✐♦♥s ϕ1,k ❛r❡ ♦rt❤♦❣♦♥❛❧✱ ❛♥❞ t❤❡✐r ❧❡♥❣t❤ ❛r❡
s♠❛❧❧❡r t❤❛♥ 2−mr✳ ▲❡t ✉s s❡t ψ1,k = ϕ1,k/
∫
ϕ21,k✳ ❚❤♦s❡ ❢✉♥❝t✐♦♥ ❛r❡ ♦rt❤♦♥♦r✲
♠❛❧✳











❚❤❡ ❢✉♥❝t✐♦♥s ϕ2,k ❛r❡ ♦rt❤♦❣♦♥❛❧ t♦ ❡✈❡r② ❢✉♥❝t✐♦♥ ψ1,k ❡①❝❡♣t ψ1,k ❛♥❞
ψ1,k+1✳ ❯s✐♥❣ t❤❡ ●r❛❛♠✲❙❝❤♠✐❞t ♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ ❝❛♥ ❝♦♥✲




ψ22,k = 1✳ ❚❤❡ ❢✉♥❝t✐♦♥s ψ2,k ❡t ψ2,l ❛r❡ ♦rt❤♦❣♦♥❛❧ ✐❢ k 6= l✳ ❚❤❡
s✉♣♣♦rts ♦❢ ❢✉♥❝t✐♦♥s ψ2,k ❛r❡ I2,k = 2
−m[r (k − 1)+1, r(k+1)+1]∩ [0, 1]✳ ❚❤❡
❢✉♥❝t✐♦♥s (ψ1,k, ψ2,k) ❛r❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❢❛♠✐❧② ♦❢ Sm✳ ❚❤❡② ❣❡♥❡r❛t❡ t❤❡ s❛♠❡
s♣❛❝❡ ❛s t❤❡ ❢✉♥❝t✐♦♥s (ϕ1,k, ϕ2,k)✳















❇② ✐♥❞✉❝t✐♦♥ ♦♥ a✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s
(ψa,k, a = 1, . . . , r k = 0, . . . , [(2
m − 1)/r]) ♦❢ Sm s✉❝❤ t❤❛t t❤❡ s✉♣♣♦rts ♦❢ t❤❡
❢✉♥❝t✐♦♥s ψa,k ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ 2
−m [r (k − 1) + 1, r(k + 1) + a− 1] ∩ [0, 1]✳
❘é❢ér❡♥❝❡s
❇❛r❛✉❞✱ ❨✳✱ ❈♦♠t❡✱ ❋✳ ❛♥❞ ❱✐❡♥♥❡t✱ ●✳ ✭✷✵✵✶✮ ▼♦❞❡❧ s❡❧❡❝t✐♦♥ ❢♦r ✭❛✉t♦✲
✮r❡❣r❡ss✐♦♥ ✇✐t❤ ❞❡♣❡♥❞❡♥t ❞❛t❛✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳✱ ✺ ♣♣✳ ✸✸✕✹✾ ✭❡❧❡❝✲
tr♦♥✐❝✮✳
❇❡s❦♦s✱ ❆✳ ❛♥❞ ❘♦❜❡rts✱ ●✳❖✳ ✭✷✵✵✺✮ ❊①❛❝t s✐♠✉❧❛t✐♦♥ ♦❢ ❞✐✛✉s✐♦♥s✳ ❆♥♥✳ ❆♣♣❧✳
Pr♦❜❛❜✳✱ ✶✺ ✭✹✮ ♣♣✳ ✷✹✷✷✕✷✹✹✹✳
❈♦♠t❡✱ ❋✳ ❛♥❞ ❘♦③❡♥❤♦❧❝✱ ❨✳ ✭✷✵✵✹✮ ❆ ♥❡✇ ❛❧❣♦r✐t❤♠ ❢♦r ✜①❡❞ ❞❡s✐❣♥ r❡❣r❡ss✐♦♥
❛♥❞ ❞❡♥♦✐s✐♥❣✳ ❆♥♥✳ ■♥st✳ ❙t❛t✐st✳ ▼❛t❤✳✱ ✺✻ ✭✸✮ ♣♣✳ ✹✹✾✕✹✼✸✳
❈♦♠t❡✱ ❋✳✱ ●❡♥♦♥✲❈❛t❛❧♦t✱ ❱✳ ❛♥❞ ❘♦③❡♥❤♦❧❝✱ ❨✳ ✭✷✵✵✼✮ P❡♥❛❧✐③❡❞ ♥♦♥♣❛r❛♠❡✲
tr✐❝ ♠❡❛♥ sq✉❛r❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❇❡r✲
♥♦✉❧❧✐ ✱ ✶✸ ✭✷✮ ♣♣✳ ✺✶✹✕✺✹✸✳
●❧♦t❡r✱ ❆✳ ✭✷✵✵✵✮ ❉✐s❝r❡t❡ s❛♠♣❧✐♥❣ ♦❢ ❛♥ ✐♥t❡❣r❛t❡❞ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss ❛♥❞ ♣❛✲
r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳✱ ✹ ♣♣✳
✷✵✺✕✷✷✼ ✭❡❧❡❝tr♦♥✐❝✮✳
●❧♦t❡r✱ ❆✳ ❛♥❞ ●♦❜❡t✱ ❊✳ ✭✷✵✵✽✮ ▲❆▼◆ ♣r♦♣❡rt② ❢♦r ❤✐❞❞❡♥ ♣r♦❝❡ss❡s ✿ t❤❡ ❝❛s❡
♦❢ ✐♥t❡❣r❛t❡❞ ❞✐✛✉s✐♦♥s✳ ❆♥♥✳ ■♥st✳ ❍❡♥r✐ P♦✐♥❝❛ré Pr♦❜❛❜✳ ❙t❛t✳✱ ✹✹ ✭✶✮ ♣♣✳
✶✵✹✕✶✷✽✳
●❧♦t❡r✱ ❆✳ ❛♥❞ ❏❛❝♦❞✱ ❏✳ ✭✷✵✵✶✮ ❉✐✛✉s✐♦♥s ✇✐t❤ ♠❡❛s✉r❡♠❡♥t ❡rr♦rs✳ ■■✳ ❖♣t✐♠❛❧
❡st✐♠❛t♦rs✳ ❊❙❆■▼ Pr♦❜❛❜✳ ❙t❛t✐st✳✱ ✺ ♣♣✳ ✷✹✸✕✷✻✵ ✭❡❧❡❝tr♦♥✐❝✮✳
❍❛❧❧✱ P✳ ❛♥❞ ❍❡②❞❡✱ ❈✳❈✳ ✭✶✾✽✵✮ ▼❛rt✐♥❣❛❧❡ ❧✐♠✐t t❤❡♦r② ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥✳
❆❝❛❞❡♠✐❝ Pr❡ss ■♥❝✳ ❬❍❛r❝♦✉rt ❇r❛❝❡ ❏♦✈❛♥♦✈✐❝❤ P✉❜❧✐s❤❡rs❪✱ ◆❡✇ ❨♦r❦✳ Pr♦✲
❜❛❜✐❧✐t② ❛♥❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✳
❍♦✛♠❛♥♥✱ ▼✳ ✭✶✾✾✾✮ ❆❞❛♣t✐✈❡ ❡st✐♠❛t✐♦♥ ✐♥ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss❡s✳ ❙t♦❝❤❛st✐❝
Pr♦❝❡ss✳ ❆♣♣❧✳✱ ✼✾ ✭✶✮ ♣♣✳ ✶✸✺✕✶✻✸✳
✷✻
❏❛❝♦❞✱ ❏✳✱ ▲✐✱ ❨✳✱ ▼②❦❧❛♥❞✱ P✳❆✳✱ P♦❞♦❧s❦✐❥✱ ▼✳ ❛♥❞ ❱❡tt❡r✱ ▼✳ ✭✷✵✵✾✮ ▼✐❝r♦str✉❝✲
t✉r❡ ♥♦✐s❡ ✐♥ t❤❡ ❝♦♥t✐♥✉♦✉s ❝❛s❡ ✿ ❚❤❡ ♣r❡✲❛✈❡r❛❣✐♥❣ ❛♣♣r♦❛❝❤✳ ❙t♦❝❤❛st✐❝
Pr♦❝❡ss❡s ❛♥❞ t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✳
▼❡②❡r✱ ❨✳ ✭✶✾✾✵✮ ❖♥❞❡❧❡tt❡s ❡t ♦♣ér❛t❡✉rs✳ ■ ✳ ❆❝t✉❛❧✐tés ▼❛t❤é♠❛t✐q✉❡s✳ ❬❈✉r✲
r❡♥t ▼❛t❤❡♠❛t✐❝❛❧ ❚♦♣✐❝s❪✳ ❍❡r♠❛♥♥✱ P❛r✐s✳ ❖♥❞❡❧❡tt❡s✳ ❬❲❛✈❡❧❡ts❪✳
P❛r❞♦✉①✱ ❊✳ ❛♥❞ ❱❡r❡t❡♥♥✐❦♦✈✱ ❆✳❨✳ ✭✷✵✵✶✮ ❖♥ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ❛♥❞ ❞✐✛✉✲
s✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■✳ ❆♥♥✳ Pr♦❜❛❜✳✱ ✷✾ ✭✸✮ ♣♣✳ ✶✵✻✶✕✶✵✽✺✳
❙❝❤♠✐ss❡r✱ ❊✳ ✭✷✵✵✾✮ P❡♥❛❧✐③❡❞ ♥♦♥♣❛r❛♠❡tr✐❝ ❞r✐❢t ❡st✐♠❛t✐♦♥ ❢♦r ❛ ♠✉❧t✐❞✐♠❡♥✲
s✐♦♥❛❧ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss✳ Pr❡♣r✐♥t ✷✵✵✾✲✵✷✱ ▼❆P✺✱ ❯♥✐✈❡rs✐té P❛r✐s ❉❡s❝❛rt❡s✳
❱✐❡♥♥❡t✱ ●✳ ✭✶✾✾✼✮ ■♥❡q✉❛❧✐t✐❡s ❢♦r ❛❜s♦❧✉t❡❧② r❡❣✉❧❛r s❡q✉❡♥❝❡s ✿ ❛♣♣❧✐❝❛t✐♦♥ t♦
❞❡♥s✐t② ❡st✐♠❛t✐♦♥✳ Pr♦❜❛❜✳ ❚❤❡♦r② ❘❡❧❛t❡❞ ❋✐❡❧❞s ✳
❩❤❛♥❣✱ ▲✳✱ ▼②❦❧❛♥❞✱ P✳❆✳ ❛♥❞ ❆ït✲❙❛❤❛❧✐❛✱ ❨✳ ✭✷✵✵✺✮ ❆ t❛❧❡ ♦❢ t✇♦ t✐♠❡ s❝❛❧❡s ✿
❞❡t❡r♠✐♥✐♥❣ ✐♥t❡❣r❛t❡❞ ✈♦❧❛t✐❧✐t② ✇✐t❤ ♥♦✐s② ❤✐❣❤✲❢r❡q✉❡♥❝② ❞❛t❛✳ ❏✳ ❆♠❡r✳
❙t❛t✐st✳ ❆ss♦❝✳✱ ✶✵✵ ✭✹✼✷✮ ♣♣✳ ✶✸✾✹✕✶✹✶✶✳
✷✼
❋✐❣✳ ✶ ✕ ▼♦❞❡❧ ✶ ✿ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦
b(x) = −2x
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡ ▲❛♣❧❛❝❡ ♥♦✐s❡

































❴ ✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t
❋✐❣✳ ✷ ✕ ▼♦❞❡❧ ✷
b(x) = − x√
1 + x2
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡ ▲❛♣❧❛❝❡ ♥♦✐s❡



























❴ ✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t
✷✽









●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡ ▲❛♣❧❛❝❡ ♥♦✐s❡































❴ ✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t
❋✐❣✳ ✹ ✕ ▼♦❞❡❧ ✹
b(x) = −2x+ 3 sin(x)
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡ ▲❛♣❧❛❝❡ ♥♦✐s❡





























❴ ✿ tr✉❡ ❞r✐❢t
✳ ✿ ❡st✐♠❛t❡❞ ❞r✐❢t
✷✾
❚❛❜✳ ✶ ✕ ▼♦❞❡❧ ✶ ✿ ❖r♥st❡✐♥✲❯❤❧❡♥❜❡❝❦
b(x) = −2x.
ris ✿ ❡♠♣✐r✐❝❛❧ ❡rr♦r✱ or ✿ ♦r❛❝❧❡
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡
δ N p ris or mˆ rˆ ris or mˆ rˆ
10−4 107 δ−1/2 ✵✳✵✵✺✼ ✶✳✶✹ ✵✳✵✹ ✶✳✵✽ ✵✳✵✵✸✶ ✶✳✵✽ ✵✳✵✹ ✶✳✵✷
10−4 106 δ−1/2 ✵✳✵✷✹ ✶✳✶✾ ✵✳✵✷ ✶✳✵✹ ✵✳✵✷✸ ✶✳✶✶ ✵✳✵✷ ✶✳✵✷
10−4 105 δ−1/2 ✵✳✷✼ ✶✳✶✹ ✵✳✵✷ ✶✳✵✷ ✵✳✷✷ ✶ ✵ ✶
10−3 3.106 δ−1/2 ✵✳✵✸✽ ✶✳✵✶ ✵✳✵✽ ✶✳✶ ✵✳✵✶✸ ✶✳✵✷ ✵✳✵✹ ✶✳✶✷
10−3 3.105 δ−1/2 ✵✳✵✹✾ ✶✳✷✶ ✵✳✶ ✶✳✶ ✵✳✵✶✼ ✶✳✵✸ ✵✳✵✷ ✶
10−3 3.104 δ−1/2 ✵✳✶✷ ✶✳✵✻ ✵ ✶✳✵✷ ✵✳✶✵ ✶✳✹✶ ✵✳✶ ✶✳✵✻
10−2 105 δ−1/2 ✵✳✷✻ ✶✳✵✶ ✵✳✶✷ ✶✳✶✻ ✵✳✶✵ ✶ ✵ ✶✳✵✷
10−2 104 δ−1/2 ✵✳✷✽ ✶✳✶✸ ✵✳✶✽ ✶✳✶✽ ✵✳✶✷ ✶✳✵✺ ✵✳✵✻ ✶✳✵✹
10−2 103 δ−1/2 ✵✳✼✵ ✶✳✻✺ ✵✳✷✹ ✶✳✶✹ ✵✳✷✽ ✶✳✶✺ ✵✳✵✹ ✶✳✵✷
10−6 3.107 δ−3/4 ✵✳✵✻✺ ✶ ✵ ✶ ✵✳✵✻✼ ✶✳✵✹ ✵✳✵✷ ✶
10−4 106 δ−3/4 ✵✳✵✺✵ ✶ ✵ ✶ ✵✳✵✹✾ ✶ ✵ ✶
10−4 105 δ−3/4 ✵✳✶✾ ✶ ✵ ✶ ✵✳✶✾ ✶ ✵ ✶
▲❛♣❧❛❝❡ ♥♦✐s❡
δ N p ris or mˆ rˆ
10−4 107 δ−1/2 ✵✳✵✶✶ ✶✳✵✷ ✵✳✵✷ ✶
10−4 106 δ−1/2 ✵✳✵✽✻ ✷✳✼✹ ✵✳✷ ✶✳✶✽
10−4 105 δ−1/2 ✵✳✷✹ ✶ ✵ ✶
10−3 3.106 δ−1/2 ✵✳✵✾✺ ✶✳✵✺ ✵✳✸✻ ✶✳✷✷
10−3 3.105 δ−1/2 ✵✳✶✸ ✶✳✹✽ ✵✳✹✹ ✶✳✸✷
10−3 3.104 δ−1/2 ✵✳✸✷ ✷✳✵✷ ✵✳✶✷ ✶✳✶✽
10−2 105 δ−1/2 ✵✳✺✽ ✶✳✵✷✻ ✵✳✹✷ ✶✳✺
10−2 104 δ−1/2 ✵✳✺✺ ✶✳✷✶ ✵✳✸✹ ✶✳✹✻
10−2 103 δ−1/2 ✶✳✺✽ ✶✳✼✵ ✵✳✸ ✶✳✶✹
10−6 3.107 δ−3/4 ✵✳✵✻✹ ✶ ✵ ✶
10−4 106 δ−3/4 ✵✳✵✺✶ ✶ ✵ ✶
10−4 105 δ−3/4 ✵✳✶✾ ✶ ✵ ✶
✸✵
❋✐❣✳ ✺ ✕ ▼♦❞❡❧ ✺
b(x) = −x3 + 2x
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡ ▲❛♣❧❛❝❡ ♥♦✐s❡
































❴ ✿ ❞ér✐✈❡ ré❡❧❧❡
✳ ✿ ❞ér✐✈❡ ❡st✐♠é❡
❚❛❜✳ ✷ ✕ ▼♦❞❡❧ ✷
b(x) = − x√
1 + x2
ris ✿ ❡♠♣✐r✐❝❛❧ ❡rr♦r✱ or ✿ ♦r❛❝❧❡
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡
δ N p ris or mˆ rˆ ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✵✸✽ ✶✳✸✶ ✵✳✵✽ ✶✳✶ ✵✳✵✸✼ ✶✳✸✶ ✵✳✵✽ ✶✳✵✽
10−3 3.104 δ−1/2 ✵✳✶✻ ✶✳✼✷ ✵✳✶ ✶✳✶ ✵✳✶✷ ✶✳✺✻ ✵✳✶✻ ✶✳✵✻
10−2 103 δ−1/2 ✵✳✷✾ ✷✳✷✽ ✵✳✶✻ ✶✳✶✽ ✵✳✷✾ ✶✳✸✼ ✵✳✵✽ ✶✳✵✻
10−4 106 δ−3/4 ✵✳✵✸✹ ✶✳✶✵ ✵ ✶✳✵✷ ✵✳✵✸✺ ✶✳✶✹ ✵ ✶✳✵✹
10−4 105 δ−3/4 ✵✳✷✽ ✶✳✵✶ ✵ ✶ ✵✳✸✵ ✶✳✵✼ ✵✳✵✷ ✶✳✵✷
▲❛♣❧❛❝❡ ♥♦✐s❡
δ N p ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✵✹✾ ✶✳✹✹ ✵✳✵✹ ✶✳✵✽
10−3 3.104 δ−1/2 ✵✳✹✷ ✹✳✽✶ ✵✳✸✷ ✶✳✷✹
10−2 103 δ−1/2 ✶✳✷✽ ✸✳✵✵ ✵✳✷✹ ✶✳✷✽
10−4 106 δ−3/4 ✵✳✵✸✹ ✶✳✵✾ ✵ ✶
10−4 105 δ−3/4 ✵✳✷✽ ✶✳✵✶ ✵ ✶
✸✶









ris ✿ ❡♠♣✐r✐❝❛❧ ❡rr♦r✱ or ✿ ♦r❛❝❧❡
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡
δ N p ris or mˆ rˆ ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✵✻✺ ✷✳✻✶ ✵✳✵✻ ✶✳✵✹ ✵✳✵✻✵ ✷✳✻✽ ✵✳✶✹ ✶✳✶✷
10−3 3.104 δ−1/2 ✵✳✵✽✻ ✶✳✸✶ ✵ ✶✳✵✻ ✵✳✵✽✽ ✶✳✺✾ ✵✳✶ ✶✳✵✽
10−2 103 δ−1/2 ✵✳✸✹ ✶✳✺✾ ✵✳✵✻ ✶✳✶ ✵✳✷✶ ✶✳✸✺ ✵✳✵✹ ✶✳✵✹
10−4 106 δ−3/4 ✵✳✵✻✸ ✷✳✷✾ ✵ ✶✳✵✻ ✵✳✵✻✵ ✷✳✷✶ ✵✳✵✹ ✶✳✶
10−4 105 δ−3/4 ✵✳✶✾ ✶✳✵✼ ✵ ✶ ✵✳✶✾ ✶✳✵✼ ✵ ✶
▲❛♣❧❛❝❡ ♥♦✐s❡
δ N p ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✵✽✼ ✷✳✹✶ ✵✳✵✻ ✵✳✾
10−3 3.104 δ−1/2 ✵✳✵✽✵ ✷✳✸✹ ✵✳✶✽ ✶✳✶✹
10−2 103 δ−1/2 ✵✳✻✽ ✷✳✸✹ ✵✳✶✻ ✶✳✶✹
10−4 106 δ−3/4 ✵✳✵✻✸ ✷✳✸✸ ✵ ✶
10−4 105 δ−3/4 ✵✳✶✾ ✶✳✵✼ ✵ ✶
❚❛❜✳ ✹ ✕ ▼♦❞❡❧ ✹
b(x) = −2x+ 3 sin(x)
ris ✿ ❡♠♣✐r✐❝❛❧ ♥♦r♠✱ or ✿ ♦r❛❝❧❡
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡
δ N p ris or mˆ rˆ ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✶✶ ✶✳✾✻ ✵✳✹✽ ✷ ✵✳✵✺✽ ✶✳✶✽ ✵✳✺✹ ✷✳✸✽
10−3 3.104 δ−1/2 ✵✳✸✶ ✶✳✼✻ ✵✳✶✹ ✶✳✷ ✵✳✷✽ ✶✳✻✽ ✵✳✷✹ ✶✳✺
10−2 103 δ−1/2 ✵✳✼✾ ✶✳✾✷ ✵✳✷ ✶✳✷ ✵✳✹✹ ✶✳✸✹ ✵✳✵✹ ✶
10−4 106 δ−3/4 ✵✳✶✹ ✷✳✺✺ ✵✳✸✹ ✶✳✼ ✵✳✵✾✻ ✶✳✻✾ ✵✳✺✹ ✷✳✵✹
10−4 105 δ−3/4 ✵✳✹✸ ✶✳✶✾ ✵ ✶ ✵✳✹✽ ✶✳✸✷ ✵✳✵✹ ✶✳✵✽
▲❛♣❧❛❝❡ ♥♦✐s❡
δ N p ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✶✻ ✷✳✷✺ ✵✳✹ ✶✳✾
10−3 3.104 δ−1/2 ✵✳✺✺ ✶✳✽✸ ✵✳✷✽ ✶✳✸✽
10−2 103 δ−1/2 ✵✳✻✾ ✸✳✵✾ ✵✳✸ ✶✳✸
10−4 106 δ−3/4 ✵✳✷✷ ✸✳✼✺ ✵✳✶ ✶✳✷✷
10−4 105 δ−3/4 ✵✳✹✹ ✶✳✷✶ ✵ ✶
✸✷
❚❛❜✳ ✺ ✕ ▼♦❞❡❧ ✺
b(x) = −x3 + 2x
ris ✿ ❡♠♣✐r✐❝❛❧ ❡rr♦r✱ or ✿ ♦r❛❝❧❡
●❛✉ss✐❛♥ ♥♦✐s❡ ❯♥✐❢♦r♠ ♥♦✐s❡
δ N p ris or mˆ rˆ ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✵✼✻ ✶✳✷✽ ✵✳✼ ✷✳✸ ✵✳✵✻✶ ✶✳✷✺ ✵✳✻✷ ✷✳✸✽
10−3 3.104 δ−1/2 ✵✳✺✽ ✶✳✼✷ ✵✳✸✻ ✶✳✽✹ ✵✳✷✾ ✶✳✸✽ ✵✳✸✻ ✷✳✵✻
10−2 103 δ−1/2 ✶✳✸✽ ✶✳✼✸ ✵✳✶✹ ✶✳✵✽ ✶✳✵✺ ✶✳✺✾ ✵✳✶✷ ✶✳✵✷
10−4 106 δ−3/4 ✵✳✷✻ ✶✳✵✻ ✵✳✾ ✷✳✵✹ ✵✳✷✻ ✶✳✵✻ ✵✳✾ ✷✳✵✹
10−4 105 δ−3/4 ✵✳✽✵ ✶✳✻✾ ✵✳✵✷ ✶✳✵✹ ✵✳✼✼ ✶✳✻✹ ✵✳✵✹ ✶✳✵✽
▲❛♣❧❛❝❡ ♥♦✐s❡
δ N p ris or mˆ rˆ
10−4 106 δ−1/2 ✵✳✶✶ ✶✳✵✽ ✵✳✻✷ ✷✳✸✽
10−3 3.104 δ−1/2 ✶✳✵✼ ✶✳✽✵ ✵✳✷✷ ✶✳✷✻
10−2 103 δ−1/2 ✶✳✼✸ ✶✳✸✾ ✵✳✶✷ ✶✳✵✹
10−4 106 δ−3/4 ✵✳✷✾ ✶✳✶✸ ✵✳✽ ✷✳✵✻
10−4 105 δ−3/4 ✵✳✽✸ ✶✳✼✶ ✵ ✶
✸✸
